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Abstract

This study considers an inverse source problem of a time-space fractional diffusion equation. In general
this inverse problem is ill-posed in the sense of Hadamard. We provide a new non-stationary iterated
quasi-boundary value regularization technique for reconstructing the source function. By choosing the
regularization parameters (a priori; posterior decision rules), we determine the convergence rates.
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1. Introduction

Fractional models have garnered significant interest from numerous researchers over the past three
decades due to their effective applications in diverse fields [I} [2]. Several areas can be mentioned as anoma-
lous diffusion, anomalous transport, mechanics in porous media, viscoelastic mechanics, option pricing,
image processing, and signal processing [3H7]. In this paper, we study the following problem with Caputo-
Hadamard fractional derivative as follows:

CHD;,Y,tQ(ZL‘,t) + (—A)70(x,t) = F(x)Q(t), ze€Xte (bT,0<y<1, b>1,

0(z,b) = a(x), z € X, (1)
O(x,t) =0, z e dX te (bT],
0(xz,T) =b(x), xzeX,
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where b(x) is the terminal data, where 0 < Q1 < Q < Qy,and (;H]Dz , is the Caputo-Hadamard fractional
derivative of the order ~ defined by

1 t .
7 . Ty —y
CHDCJO(m,t) = 7“1 ey /b (log z) YO(x,z)dz,0 <y <1,

d
where T = t—,T'(z) is a Gamma function. In problem (I)), the source term f(z) is unknown, and the initial

value a(x) is known. The final value 6(x, T) = b(x) is the given data. This paper uses the final value b(z) to
identify the source term f(x). Assume that the couple exact data {a,b} and the measurement data {a’, b’}
satisfy

la® — all 2y + 1° = bll o) < 6.

where || - || is the L?(X) norm and § > 0 is the measurement error.

The investigation of the problem of restoring the source function also receives a lot of attention from
mathematicians around the world. Some related works can be mentioned as follows: Yang and Fu [§]
adopted the quasi-reversibility regularization method, Sakamoto and Yamamoto [9] studied the regularity
of the general initial boundary value problems and presented several results related to the inverse problems,
and Fujishiro and Kian [10] recovered the source term from an interior measurement in fractional diffusion
equations. Ting Wei used the Modified Quasi Boundary value method [111, 12] to deal with the inverse source
problem and obtain two kinds of convergence rates by using an a priori and an a posteriori regularization
parameter choice rule, respectively. Fang Yang [I3] with the Simplified Tikhonov, see in [I4], and the
truncation method, see [15].

In this work, we propose a nonstationary iterated QBVM (NIQBVM), see in [16] for reconstructing the
space-dependent source f(z) in . The key idea of this method is to modify the terminal data into by

6", T) + ar(f*(2) — [ (2)) = ¥ (=),

with some initial guess f°(x) and regularization parameter aj, The main ideas of this method can be found
__B
in the following references [16], the iteration step is of order O (§ 2»+7 ), which coincides with Landweber

iteration [I7] and some other iteration methods proposed in [6l [18]. However, with some adaptive choices
of regularization parameters {yy,}, the iteration steps can be significantly reduced. For example, the choice
of geometric sequence {p} leads to an iteration step of order O(|log(d)|) (see Section [3)).

The paper is organized as follows. In Section [2] we introduce paramilitaries and inverse source problems.
Section |3| provides the mild solution of problem . Section 4| we provide a regularization method and
investigate the error between the regularized solution and the exact solution, under a priori and a posteriori
parameter choice rule.

2. Preliminaries and inverse source problem

Definition 2.1. The Hilbert scale space H*(X), (s > 0) defined by

e (x) = {f € LAX) Zf Ty Om) gy < 59}
Lemma 2.2. If £ > 0, then the following equation holds

0 N Bhtry—1 dt klsP— 1
/ e_SIOg%(log 5) ng,)y(jzg(log )B) p = Silma RG(S) > |§’67
c <Sﬁ + f)
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where Eg:) (y) := dd ——FEg(y). The Lemma means that the Laplace transformation of
B—y
Bhty—1 (k) 3 kls
(log - ) Ef <j:£(log )7) s S P

Lemma 2.3. For 0 < v < 1,z > 0, we have 0 < E,;(—z) < 1. Moreover, E,1(—z) is completely
monotonic, that is,

d’l’b
(—1)H@E771(—Z) 2 O, z Z 0,
Lemma 2.4. For a sequence of positive numbers {aj}, denote o, = Z;”:l ole Assume that there is a
constant ¢ > 0 such that
1
— < COn—1, (2)
Qn

then it holds that

(2u(c+1))Y, 0<wv<1,

v < — v
max A'r,(A) < ¢,0,,Y, where ¢, = { (2U(C—|— 1)U) 7 o1

A€[0,00)

Lemma 2.5. For any &,,,s > 1 that satisfies 0 < & < &, there is a positive number B that depends on
B,c, T, and & such that

QB T T\-1 o T dz _Q

g /b (toz )" Bua(—€n (e 2)") Q) < &

where B=1— Ey1( — {i’(log(%))'y).

Proof. See in [13]. O

3. The mild solution

The solution of problem is obtained

o0

oa.t) =y (Em( -5, (1085)") ([ ale)om(e)da)
n=1 X

t

+ [ oty e (- € (106 2) ) 0 ) [ F)omali)omto )

b X

From , we know that the Fourier coeflicients as follows

(00.01.60) =B (= €010 ) [ alaIontarie)
+/bt (logg)HEw,w(—fﬁl(log é)”) Q(Z)dz)(/f(ﬂﬁ)qu(a:)dx).
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Using the condition /9(30, T)pm(x)dx = b(x), we receive

(/b(x)¢m(33)dx> :(Ey,l( — &7 (log %)U) (/a(:v)gbm(x)dw)

Q Q
T
+ [ os Dy E (-0 D00 E ([ s@oni). @
b X
Through simple transformations for , we get
J W)@ = [ a(@)m(w)da (B~ €008 )
/ F () (a)dr) = : .

~
{ﬁwa“ﬂw—%w&YM@%
This leads to
Jg‘b(w)qsm(a:)dx — [a(@)pm(x)dz Ey (- £ (log T))

fl@) =7 T : Pm{z)
S T (oe D) B (- (o T)) Q)

We denote

[ t@on@iis = [ v@on(@ris — [ ow)on@ds £ ( - (e 7)),

X X X
It becomes

~ J (@) P (x)da
fla)=>" oS Om ().

_
L (1o T) B (- g (1og 7)) QL)

Defining operator K : f — ¢, then problem can be converted to the following operator equation:
Kf(z) =¥¢(x). J is a bound self-adjoint compact operator, its singular value is

T

0o T\ e o T d
{Uﬂ"b}mzl’A”"b:/(logZ)7 IE%V(_gm(IOg i
b

2)eE s )

z

When m — 00, &, — 00, At — 00, so from formula . Hence, the inverse problem is ill-posed, a priori
bound condition for the exact solution f(x) as follows:

1l = (€
n=1

where C and s are both positive constants.

enf) s

Theorem 3.1. Let || f|lysx) < &, Q) € L®(b,T) and 0 < Q1 < Q(t) < Q. For any t € [b, T], we have

1
171120 < (@)sﬂgsﬂ Jl 7ty s > 0. (©)
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4. A non-stationary iterated quasi-boundary value method

4.1. Well-posedness of the reqularization problem
In this work, let {§™9(z,t), f™°(z)} be the solutions of the following problem:

oD 0™ (z, 1) + (=A)70™0 (z, 1) = F™(2)Q°(t), zeX,te (bT,0<y<1, b>1,

emls(x’b) =a (:B)7 r € X, (7)
09 (z,t) = 0, r € 9X,t € (b, T),
09 (z,T) + am (fm"s(a:) — fm_l’a(a:)) = (), z € X,

for m = 1,2,..., where f%%(z) = fO(x) is the initial guess of the exact solution f(z) and a,, > 0 is the

regularization parameter.

Theorem 4.1. Let v € (0,1), (a b‘s) € L2(X), then there exists a unique pair of solutions f(x) € L*(X) x
C ([0, T); H§(X)) to problem (7)) that can be expressed by

~ J O (@) g (w)da
[ @)=Y = - (), (8)
mqﬂ%Q%TwPﬂMmng@%+a
and
00 f€62($)¢m(x)d$
=3 . O (). (9)

n=1

(log T)" " Eyq (- €5, (log 1)) Q(2) % + @

Theorem 4.2. Let (%1, (%2 € L*(X), we denote (f3'(z)) and (f32(x)) as the solutions of (8)-(©]) with respect
to 0% and 092, then we have

< O[—ngtsl . 862

H o~ C(SYQHLQ(X) HL?(X)

Proof. 1t follows from and @ that

[ (00(2) — 02 ()) m (2)da
X

foi@) = f2(2) =) = bm ().
=1 [ (log %)VilE%v( — & (log 1)) Q)L +a
b
Thus it can be deduced that
r T d -2
172 = 12 ey = 1/mg By (— 0108 1)) Q) Z + o)
"=
x ( / (69 (z) — €% (2)) () de)?
X
1
< @Hﬁl N 662‘&2(3&)'
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5. Convergence Analysis

Theorem 5.1. Assume that @ € L>(0,7T) satisfies Q1 < Q(t) < Qy. Let f — f € H5(X) satisfy an a
priori bound condition

Hf - fOHHg(X) <D, 520
then we have
1 = £l 2y < (QB) 57D |[ic(f = fO)][ 757, s >0,

where D = D(a,’y, 01,8, 7T, 51).

Proof. Tt follows that

K(f = 1°) =§_ojl/T (1o )™ By (— €5, (108 1)) ()2
| ([ o d:r—/fo( Jom (@) ) 6 ()
We have X

[

-3 / F@)o(o)dz — / P@)on (i)’

. U (log T)" "By (- 6%(10gZ)W)Q(z)dZ(if($)¢m (e)dz = | f(z) >dm)r
E ] (108 T s (5 (o T) )1

o [ 08T B (— 0108 T))QEIE (f F@lomti)is — [ P @oma)ir) |5
= [Z‘(log:)”1Ew,7<—ga(log:>”>g<z>dzf

<| /T (1o~ ~en(1os 1))@ E ([ fwomialds ~ [ (@)on(a)is) o
1 = 7l

Z \/ 08 1) B (~ 600108 1))@ E| 7 ([ (501 - @) amterae) )

- 4
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This deduce

2
1 = £llz2)
S e
<(@) = [Sg( [ (1) - P)ontaar) |
n=1 X
Sy T d
Z / log v (= & (log ;)V)Q(Z)f
n=1 b
2 252Sa'
x (/ (@) = [°@) dm(@)d) | )
=(QuB) 77— )3 Ikl - f°>
<(QuB) DK (7 - )|
Then the proof is completed. O
5.1. An a priori parameter choice rule.
By Theorem 4.1} the reconstructed source f%9(z) can be expressed by
7#9(z) = . ([ £ @om(a)de) 6u(z)

=
= bf (log 7;')7—1E%7( — &7, (log 7?—)V) Q(z)d?z tam X

oy 1 ([ e@on@iiz)on(z).

_
" (1o T B (- 65,108 1)) Q)% e

By a recursive approach, the above expression can be rewritten as

00 T
£0w) =3 ne( [ (1o ) (— (108 2)) 0 E) ([ £2@)0m(a)de) o)
n=1 b X
00 T
+3 s [ (10 Ly B (- 60,0108 1)) 0 E) [ @) (@) o)
n=1 b X

for fO(z) = f%9(z), where r4(€) is defined in Lemma [2.4] and s;(¢) is generated by

L+ agsp—1(§)

sp(§) = £+ o

So(f) = 0

For the function s (&), we have the following result.
Lemma 5.2. For all £ > 0, we have $p,(€) < G-

Theorem 5.3. Assume that Q € L>(0,7T). Let {a;} C RT be a sequence satisfying condition (2)), and
1O be an initial guess of f satisfying the a priori condition @ We choose the integer k(E,0) satisfying
g,;(% 5 = O((%)m), then there exists a positive constant C depends on «, 0,8, 91,7, &1 such that

09 = fl0 < COT 7. "
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Proof. We have
ka’é - f“]ﬁ(x) S kaﬁ o fk”fﬁ(x) + ka - f”p(x) (11)
Next, we will divide it into two steps to accomplish the proof.
Claim 1: We consider H i f” L2(x)" Firstly, for exact £(z), f¥(x) can be expressed by
r T\~ d
e [ (0T - (10 1)) T) ([ £@)om(@)d) (o)
n= 1 b X
r T\~ d
£ sl [ (10n T - (108 1)) Q) D) ( [ ta)om(@)de)om o),
n=1 b X
then we have
) = f(x)
00 T
=Sl [ (o5 1) B (— €108 1)) D) ([ F@)om(a)dr) bula)
n=1
- b T T dX
_ z
+ Zl <5k(/ (log—)” "By (— €5, (log ;)”)Q(Z);)
n= b
J () pm(v)dx
- = X )(Z)m(:):)
[ (108 T)7 B, (- 7, (108 1)) ()%
00 T
=Sl [ (o5 1) B (— €108 1)) D) ([ (1°60) - @) ém@)de)m(a). (12)
n=1 b X
From , it yields
17 = Fllz e
=, [ T d 2
=St [ (o Ty B (- 0108 1)) @ D) ([ (1°@) ~ 1) (a)de)
=l X
=S| [ e Dy e (- s Ty 0 Bt
n=1 b
’ T d
<] [ (og 1) 7B (~ €10 1)) 00)
b
’ T dz|—%
<] [Qog ) 7B, (~ gos 1) 0 T ([ (°a) - £(a))ém(o)ia) (13)
b X
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From , we know that

2s

.
_ dz|e
[ os Ty e (=g D)0 T
b
T T d 2
X /(1ogZ)”‘lEW(—ggl(logz)”)Q( ); < D(s,0)g, °.
b
This leads to
— 2
1£5 = F2a) < D2(s,0)(QIB) % © > & ( [ (@ - 1@)om(wiz)
n= X
=€)}~ Fp e * < CE% 7 (14

Claim 2 Next, we consider H fro — ka L2(%)" It follows from Lemma 3.5 that

;
> T dz
1759 = My =D 5 /ﬁ% (& (e 1)) %)
n=1 b
< ([ (E@ - t@)onts >dx)2 < 0202140 (15)
X

o

If the integer k(&) satisfies O’k_(lg 5 = O((%) m), combining and directly gives the estimate
. Then the proof is completed. O

5.2. An a-posteriori parameter choice rule

In this case, we intend to adopt the discrepancy principle to terminate the iteration, i.e. we choose a
value k = k(J) as long as it satisfies:

chfk(é),é _ eJHLZ(X) < 76, (16)

for some constant 7 > 1. The following lemma ensures that we can obtain a finite number k(§) from .
Lemma 5.4. Assume that O, f,¢° € L*(Q) and the following conditions hold:

o [IXs° -

HL2 > 714, for some T > 1.

o limy_,o S = 00, then for sufficiently large k € NT, it holds that

157 = €] ooy < 76,
Proof. We can deduce that
lek,5_ §
< 7 T\~ d
- 1og &, (log =) Q)=
;/ 1~ (108 -)) Q()
7 T d
<o [ (og 1) By (00108 1)) Q) Z) [ F@)om(a)de) ou(z)

b X
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and then

and

So
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Since o}, — 00 as k — oo, for Vi > 0, there exists a large enough positive number N € NT such that for
k > N, it yields ak,_l < p. Then

7
o0 . 7— d 2
Tl = 3 | [ (108 )7 (- €7 (108 1)) 01202
n=1 b
r T T d
X r,%‘ / (log ;)V_IEW,( — &7 (log ;)7) Q(z);z
b
2
< ([ (@) = 1@) (o))
X
2
< Z(/ — (@) ()
<Cllf* - fHLQ(X)M :
Therefore, we have
[CfE0 — €6HL2(X) = HI1HL2 x T HIQHB(X
<% = fll pyp+ 81 +O).
Since p is arbitrarily chosen, we can finally obtain ([16)). O

Lemma 5.5. If k(6) is chosen by (16)), then
_ _ -1
A — £ popoy (7 + D)7 <8 < [IRFHO™ = g oy (7= 1)
Theorem 5.6. We assume that Q(t) € L=, T]. Let {oj} C RTbe a sequence satisfying condition , and

1O be an initial guess of f satisfying the a priori condition @ Let k() be chosen by , then there exists
a positive constant C = C’(a,ﬂ, qo,p, T, 51,7') such that

/5@ _ f|| < cEwm 535 (17)
Proof. We have
ka:,a - fHL2(x) = ka’é - fk”L?(X) - ka N fHLZ(X)

Step 1: Estimate of ka - fHL2(X)

0 T
)= ([ (o Ty B (- 006 D)) E) [ 1)) bt
1 ) z z &
0 T
+Zsk(/ ]ogT 71E ( {m(log /@ z)dr pm(z),
b X
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then
> r T T
fk(x)—f(x)—ZTk‘/(]ogz)'Y 1E’Y'7( ffn(log;)'y)g(z)i
n=1
—i—Z(sk(/(log)W 1Eﬁw( §fn(log
n=1 b
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After that, from , we get

It can be learned that
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by the fact that ry(£) € [0,1]. Therefore, combined with (16]), we obtain

H’C(fk(é) - f)Hm(x) < ||k fEO £5HL2(X) +d < (7+(1+C))o. (19)

Moreover, it follows from that

Tyee®)

z z
n=1

0o T
1% - f”%ﬂgs‘(X) = Zfﬁfri(/ (log g)v—le( — &7 (log
b
< ([ (@) - s@)om(nir) < €2
X

Combined with Theorem we have

2s
2s+o

1F5O = fl| o) < Clas0,Quy8, T, &) €57 (4O - f)
<C(0,0,Q1,5,T,&)(7 + )27 757 77 (20)

Step 2 Considering || f* — kaLZ(X)

[P

00 T
=35t [ (o ) (— €108 D) )0 E( [ (B @) — @) mla)ir)
n=1 b X

z
< 020?21+ C)2

by Lemma (5.2]). Then it follows from Lemma (5.5)) that

_
S T\ T d
=301 [ (o L) B (~ €0 ) ) @) E P

b
7 T
[ (o Ty B (- 510

| Ie@Z|( [ (1@ - @) on(ds)
b X
0 T 20445
=S| [t Dy e (o Tyae B

b
:
_ d
<] [(og D)7 E (—gr0s D)) @) S
b
r T dz |~
<| [ (og 1) 7B (— g0 1)) 0 T

b
< ([ (@) - 1@ om(wyiz)” (21)
X
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By Lemmas (2.4) and (21]), we can obtain that

(r—1)%* < H’ka((s)_l - eHiQ(X)

<Comn ™ e ( [ (1@ - @) omorts)’
n=1 X

2 _ds =2(2241) 1 4 2
< C%(s,0)C 7 Sk(8)—1 Hf - fHHgS(X)
_2(2s+40) _2(2s40)

[eg 2 [eg
k)1 SO GE T

4s

< C%(s,0)C" 7 &

and since assumption gives

_ 2540
Sk = k-1 +ap ' <1 +ese—1 = (1 +¢)sp_1, thus (1 —1)§ < CEe5)

which implies that

Sk(s) < (%) ﬁﬁ?si” :

It follows that

k()5 _ g < ( ¢ )%L’gﬁgzs%
7408 4] 1 < (2 '
Added (20)), we obtain estimate (17)). Then the proof is accomplished. O
References
. D. Nghia, N. H. Luc, Xiaolan Qin, Yan Wang, On maximal solution to a degenerate parabolic equation involving in
1] B. D. Nghia, N. H. L Xjaolan Qin, Yan W O imal soluti d boli ion involving i

2]
3]
(4]
[5]

[6]
(7]

8]

[9]
[10]
[11]
[12]
[13]
[14]

[15]

time fractional derivative. Electron. J. Appl. Math., 1 (1), 2023.

D. T. T. Xuan, V. T. T. Ha, Recovering solution of the Reverse nonlinear time Fractional diffusion equations with
fluctuations data. Electron. J. Appl. Math., 1 (2), 2023.

X. Feng, L. Eldén and C. Fu, A quasi-boundary-value method for the Cauchy problem for elliptic equations with nonho-
mogeneous Neumann data, J. Inverse Ill-Posed Probl., 18 (6): 617-645, 2010.

X. Feng, P. Li and X. Wang, An inverse random source problem for the time fractional diffusion equation driven by a
fractional Brownian motion. Inverse Problems, 36(4): 045008, 30, 2020.

X. Feng, M. Zhao and Z. Qian, A Tikhonov regularization method for solving a backward time-space fractional diffusion
problem. J. Comput. Appl. Math., 411: 114236, 20, 2022.

Y. Deng and Z. Liu, Iteration methods on sideways parabolic equations. Inverse Problems, 25(9), 095004, 14, 2005.

K. Fujishiro and Y. Kian, Determination of time dependent factors of coefficients in fractional diffusion equations. Math.
Control Relat. Fields, 6(2): 251-269, 2016.

F. Yang and C. Fu, The quasi-reversibility regularization method for identifying the unknown source for time fractional
diffusion equation. Appl. Math. Model., 39(5-6): 1500-1512, 2015.

K. Sakamoto and M. Yamamoto, Initial value/boundary value problems for fractional diffusion-wave equations and ap-
plications to some inverse problems. Journal of Mathematical Analysis and Applications, 382(1): 426-447, 2011.

K. Fujishiro and Y. Kian, Determination of time dependent factors of coefficients in fractional diffusion equations. Math.
Control Relat. Fields, 6(2): 251-269, 2016.

T. Wei and J. Wang, A modified quasi-boundary value method for the backward time-fractional diffusion problem. ESATM
Math. Model. Numer. Anal., 48(2): 603-621, 2014.

T. Wei and J. Wang, A modified quasi-boundary value method for an inverse source problem of the time fractional
diffusion equation. Appl. Numer. Math., 78: 95-111, 2014.

Yang, F., Cao, Y., & Li, X. X. (2023). Two regularization methods for identifying the source term of Caputo-Hadamard
time-fractional diffusion equation. Mathematical Methods in the Applied Sciences, 46(15), 16170-16202.

F. Yang, C.L. Fu, A simplified Tikhonov regularization method for determining the heat source, Appl. Math. Model. 34
(2010), no. 11, 3286-3299.

F.F. Dou, C.L. Fu, F. Yang, Identifying an unknown source term in a heat equation Inverse Probl. Sci. Eng. 17 (2009),
no. 7, 901-913.



Vo Thi Thanh Ha, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 28-43. 43

[16] Zhang, Y., & Feng, X. (2024). A nonstationary iterated quasi-boundary value method for reconstructing the source term
in a time-space fractional diffusion equation. Journal of Computational and Applied Mathematics, 440, 115612.

[17] M. Hanke, A. Neubauer and O. Scherzer, A convergence analysis of the Landweber iteration for nonlinear ill-posed
problems. Numer. Math., 72 (1): 21-37, 1995.

[18] J. Wang and T. Wei, An iterative method for backward time-fractional diffusion problem. Numer. Numer. Methods Partial
Differ. Equ., 30(6): 2029-2041, 2014.



	Introduction
	Preliminaries and inverse source problem
	The mild solution
	A non-stationary iterated quasi-boundary value method
	 Well-posedness of the regularization problem

	 Convergence Analysis
	An a priori parameter choice rule.
	An a-posteriori parameter choice rule




